Outline of trig integration rules
1. J(aSin[m(c+dx)]+bSin[n (c+dx)])Pdx whenpez A mez Anez
1: J(aSin[m(c+dx)]+bSin[n (c +dx)])Pdx WhenpeZ‘/\ gez /\ gez
2. J(aSin[m(c+dx)]+bSin[n (c +d x)1)P dx whenpez-/\ ez /\ ez
1: j(aSin[m(c+dx)]+bSin[n (c +d x)1)P dx when geZ'/\ ez /\ ez
2: -J-(aSin[m(c+dx)]+bSin[n (c +dx)1)Pdx when pzieZ'/\ m'Tlez /\ "Z;lez
3: J-(aSin[m(c+dx)]+bSin[n (c +dx)1)Pdx WheanZ‘/\ '2—nez /\ %ez
2. J(aSin[m(c+dx)]+bOos[n (c+dx)])Pdx whenpez- A mez Anez
1: J(aSin[m(c+dx)]+bOos[n (c +dx)])Pdx WhenpeZ‘/\ gez /\ gez
2: J(aSin[m(c+dx)]+bOos[n (c +d x)1)P dx when p;—1ez-/\ Pez \ ez

3: j(aSin[m(c+dx)]+bCos[n (c+dx)])Pdx whenpez - A mez Anez



Rules for integrands of the form (a trig1(m (c+d x))+b trig2(n (c+d x)))™p
Rules for integrands of the form (aSin[m(c +dx)] +bSin[n (c +dx)])P
1: J(aSin[m(c+dx)] +bSin[n (c+dx)])Pdx WhenpeZ‘/\ ?ez /\ gez

= Derivation: Integration by substitution
ic | n
lBaSI:S.If2 €Z /\ 5 € Z, then

FISin[m(c+dx)], Sin[n (c+dx)]] = %Subst [F[Sin[mArCTan[X]],Sin[nArcTan[x]]]

1+x2

, X, Tan[c+dx]] 6xTan[c +d x]

Basis:lf%“ez/\ 5 € z,then
F[Cos[m(c +dx)], Cos[n (c+dX)]] = -%Subst [ e mAreCot Dl Sos NATCQI DL - x, Cot [c +d x]] 8xCot [c +d X]

1+x2

Note: If T € z, then Si n [mAr cTan [x]] equalsx timesarational functionsin x2.

m
2
m

Note: If T e z, then Cos [mAr cCot [x]] equalsarational functionsin x2.

Rule:lfpez-/\ %’ez/\ 5 €z, then

u
N

(@aSin[mArcTan[x]] +bSin[nArcTan[x]]1)P

1
-J-(aSin[m(c+dx)]+bSin[n (c+dx)])Pdx — ESubst [I dx, X, Tan[c+dx]]

1+x2

Program code:

Int [(a_. *sin[m_. *(c_. +d_. *X_)1+b_. *sin[n_. »(c_. +d_. *x_)]1)"p_, x_Synbol ] : =
1/d = Subst [Int [Sinplify[Tri gExpand[axSi n[m«ArcTan[x]]+b*Si n[nxArcTan[x]1111°p/ (1+x"2), x1, X, Tan[c+d*x]1] /;
FreeQ[{a, b,c,d}, x] & ILtQ[p, 0] && I ntegerQ[nv2] && | ntegerQ[n/2]

Int[(a_.*cos[m_.x(C_.+d_. *x_)]+b_. xcos[n_.x(c_. +d_. *x_)])"p_, x_Synbol ] : =
-1/d % Subst [Int [Sinplify[Tri gExpand[axCos [mxAr cCot [x]]+b*Cos[n*xArcCot [x]1]111°p/ (1+x"2), X], X, Cot [C+d*X]] /;
FreeQ[{a, b,c,d}, x] & ILtQ[p, 0] && IntegerQ[mv/2] && I ntegerQ[n/2]



Rules for integrands of the form (a trig1(m (c+d x))+b trig2(n (c+d x)))™p

2. J(aSin[m(c+dx)]+bSin[n (c+dx)1)Pdx WheanZ‘/\ rTFTlez /\ "2;162
1
2

1: J(aSin[m(c+dx)]+bSin[n (c +dx)1)P dx when geZ‘/\ ez /\ ez

m Derivation: Integration by substitution
. P m-1 n-1
-Bass.lf;ez/\Tez/\Tez,then

(aSinfm(c+dx)]+bSin[n (c+dx)])P =

Subst (aSin[mArcTan[x]]+b Sin[n ArcTan[x]11)P
1+x2

Q_II—‘

. X, Tan[c+dx]] dxTan[c +d x]

. P m-1 n-1
-Bass.lfgez/\ TEZ/\ Tez,then

(aCos[m(c+dx)]+bCos[n (c+dx)])P = ¢ Subst [(Relmrcianluldbdslnirctanldlls . Tan[c+dx]] ocTan[c +dx]
= Note: If mTl € Z,then Sin[mArcTan [x]] equals — = timesarational functionsin x2.
1+X
= Note: If mTl € zZ,then Cos [mAr cTan [x]] equals L = timesarational functionsin x2.
1+X

15 R - m1 n-1
lRuIe.Ifzez /\ > ez/\ > € Z, then

(aSin[mArcTan[x]] +bSin[nArcTan[x]]1)P

1
J(aSin[m(c+dx)]+bSin[n (c+dx)])Pdx — gSubst [J dx, X, Tan[c+dx]]

1+x2

(aCos[mArcTan[x]] +b Cos[n ArcTan[x]]1)P

1
j(aOos[m(c+dx)]+bCos[n (c+dx)])Pdx — ESUbSt U dx, x, Tan[c+dx]]

1+x2

= Program code:

Int[(a_.*sin[m.x(c_.+d_. *x_)]1+b_. xsin[n_.x(c_. +d_. *x_)])"p_, x_Synbol ] : =
1/d = Subst [Int [Sinplify[Tri gExpand[a*Si n[mxArcTan[x]]+b*Si n[nxArcTan[x]1111°p/ (1+x"2), x1, X, Tan[c+d*x]] /;
FreeQ[{a, b,c,d}, x] & ILtQ[p/2,0] && IntegerQ[(m-1)/2] && I nteger Q[ (n-1)/2]

Int[(a_.*cos[m.x(c_.+d _.xx_)]+b . xcos[n_.*(c_.+d . xx_)])"p_,x_Synbol] : =
1/d % Subst [Int [Sinplify[Tri gExpand[axCos [mxArcTan[x]]+bxCos[nxArcTan[x]]1]1]1"p/ (1+x"2), x], X, Tan[c+d*x]] /;
FreeQ[{a, b, c,d}, x] & I LtQ[p/2,0] && IntegerQ[(m-1)/2] && I ntegerQ[ (n-1)/2]



Rules for integrands of the form (a trig1(m (c+d x))+b trig2(n (c+d x)))™p

2: J(aSin[m(c+dx)]+bSin[n (c +dx)]1)Pdx when pziez-/\ rTFTleZ /\ "2;162

Derivation: Integration by substitution
Basis: If > ez/\ > ez/\ > € Z, then

(@asinim(c+dx)]+bSin[n (c+dx)])P = - ¢ Subst [(aSi”[mA'COOS[X”*bZSi“[”Arco"s[x”)p, X, Oos[c+dx]] 3y Cos [C +d X]
1-x

. -1 -
Bass:lprez/\ rT*Tlez/\ “2—1ez,then

(aCos[m(c+dx)]+bCos[n (c+dx)])P = %Subst [(aOOS[mArCSi"[X”*bfos[”ArCSi”[X”)p, X, Si n[c+dx]] a,Sin[c +dx]
1-x

c1f L ' N 2 ¢ ml ial in x2
Note: If 5 € Z,then Sin[MArcCos [x]] equalsy 1 - x< timesa > degree polynomial in x<.

f =L i A/ 2 ¢ m1 ialin x2
Note: If > € Z,thenCos [mMArcSi n[x]] equalsy 1 - x< timesa > degree polynomial in x<.

-1 -
RuIe:prTez-/\ rTFTlez/\ “2—1ez,then

1 [J~(aSin[mArcOos[x]]+bSin[nArcOos[x]])p

J(aSin[m(c+dx)]+bSin[n (c+dx)])Pdx — —ESubst dx, X, Oos[c+dx]]

1-x2

(aCos[MArcSin[x]] +bCos[nArcSin[x]])P

1
j(aOos[m(c+dx)]+bCos[n (c+dx)])Pdx — ESUbSt U dx, x, Sin[c+dx]]

1-x?
Program code:

Int[(a_.*sin[m_. x(c_.+d_. *x_)]1+b_. xsin[n_. x(c_. +d_. *x_)])"p_, x_Synbol ] : =
-1/d % Subst [Int [Sinplify[Tri gExpand[a*Si n[mxAr cCos [x]]+b*Si n[n*ArcCos[x]11]1"p/Sqrt [1-x"2], X1, X, Cos[c+d*x]] /;
FreeQ[{a, b,c,d}, x] & I Lt Q[ (p-1)/2,0] && IntegerQ[(m-1)/2] & I nteger Q[ (n-1)/2]

Int [(a_. *coS[m_. »(C_. +d_. *x_)]1+b_. xcos[n_. x(c_. +d_. *x_)])"p_, x_Synbol ] : =
1/d % Subst [Int [Sinplify[Tri gExpand[a*Cos [mkArcSi n[x]]+b*Cos[n*xArcSin[x]]]11"p/Sqrt [1-x"2], X1, X, Sin[c+d*x]] /;
FreeQ[{a, b,c,d}, x] & ILtQ[(p-1)/2,0] && I ntegerQ[(m-1)/2] && I nteger Q[ (n-1)/2]



Rules for integrands of the form (a trig1(m (c+d x))+b trig2(n (c+d x)))™p

3

: J(aSin[m(c+dx)]+bSin[n (c+dx)1)Pdx WhenpeZ‘/\ ?ez /\ %ez

Derivation: Integration by substitution

Basis: If me Z A n € Z, then

F[S n[m(c+dx)], Sin[h (c+dx)]] == %Subst [F[Sin[zm/-\fCTan[x]],Sin[2nArcTan[x]]]

1+x2

X, Tan[% (c+dx)]] axTan[% (c+dx)]

Basis: If me Z A n € z, then
F[Cos[m(c+dx)], Cos[n (c+dx)]] = -5 Subst [ LR L2ZmACCIIAL 2o (BRACOLIANL | x, Cot [ (c+dX)]] 8xCot [3 (c+dx)]

1+x2

Note: If me z, then Si n[2 mAr cTan [x]] equalsx timesarational functionsin x2.
Note: If me z, then Cos [2 mAr cCot [x]] equalsarational functionsin x2.

Rule:lfpeZ'/\ Jez /\ > € z,then
(aSin[2mArcTan[x]] +bSin[2n ArcTan[x]])P

2 1
j(aSin[m(c+dx)] +bSinn (c+dx)])Pdx — gSubst [j dx, X, Tan[z (c+dx)”

1+x2

Program code:

Int [(a_.*sin[m.*(C_. +d_. #x_)]1+b_. »sin[n_. x(c_. +d_. *x_)])"p_, x_Synbol ] : =
2/d % Subst [Int [Sinplify[Tri gExpand[a*Si n[2xmxArcTan[x]]+b*Si n[2xnxArcTan[x]]111°p/ (1+x"2), x], X, Tan[1/2% (c+d*Xx)1] /;
FreeQ[{a, b,c,d}, x] & ILtQ[p, 0] && | ntegerQ[nv2] && I nteger Q[ (n-1)/2]

Int [(a_. *cos[m_. x(C_. +d_. *Xx_)]1+b_. xcos[n_. x(c_. +d_. *x_)]1)"p_, x_Synbol ] : =
-2/d % Subst [Int [Sinplify[Tri gExpand[axCos [2xmxAr cCot [x]]+b*Cos [2xnxArcCot [X]]]11°p/ (1+x"2), X1, X, Cot [1/2% (C+d*X)]1] /;
FreeQ[{a, b,c,d}, x] & ILtQ[p, 0] && I ntegerQ[nv2] && I nteger Q[ (n-1)/2]



Rules for integrands of the form (a trig1(m (c+d x))+b trig2(n (c+d x)))™p
Rules for integrands of the form (aSin[m(c +dx)] +b Cos[n (c +dx)])P
1: J(aSi nim(c +dx)] +bCos[n (c+dx)])?dx whenp EZ‘/\ ?ez /\ gez

= Derivation: Integration by substitution

(o [§ D n
Basus.lfzez/\ 2ez,then
1

F[Sin[m(c+dx)], Cos[n (C+dx)]] = ESubst [F[Sin[mArcTan[x]ll,x(zjos[nArcTan[x]]]’ x, Tan [C+dX]] a Tan[c +d x]

Note: If £ e z, then Si n [mAr cTan [x]] equalsx timesarational functionsin x2.

2
Note: If = e z, then Cos [mAr cTan [x]] equalsarational functionsin x2.

Rule:lfpez-/\ %’ez/\ 5 € z,then

N

(@aSin[mArcTan[x]] +b Cos[nArcTan[x]]1)P

1
-J-(aSin[m(c+dx)]+bCOS[n (c+dx)])Pdx — ESubst [I dx, X, Tan[c+dx]]

1+x2

Program code:

Int[(a_. *sin[m_. *x(c_. +d_. *X_)1+b_. xcos[n_. »(C_. +d_. *x_)]1)"p_, x_Synbol ] : =
1/d = Subst [Int [Sinplify[TrigExpand[a*Si n[mxArcTan[x]]+b*xCos[n*xArcTan[x]1111°p/ (1+x"2), x], X, Tan[c+d*x]] /;
FreeQ[{a, b,c,d}, x] & I LtQ[p, 0] && I ntegerQ[nv2] && | ntegerQ[n/2]



Rules for integrands of the form (a trig1(m (c+d x))+b trig2(n (c+d x)))™p

2: J(aSin[m(c+dx)]+bOos[n (c +dx)]1)Pdx when pziez-/\ %‘ez /\ "2;162

m Derivation: Integration by substitution
is |f =L m n-1
IBaSIS.If2 ez/\zez/\ > € Z, then

(aSin[m(c+dx)]+bCos[n (c+dx)])P = %Subst [(aSi“[mArCSi“[X”*bSDS[“ArCSin[x]])p, X, Si n[c+dx]] a,Sin[c +dx]
1-x

Note: If %1 € Z,then Sin[mArcSi n[x]] equalsx \/ 1-x? timesa mTz degree polynomial in x2.

c1f L ' N 2 ml ial in x2
Note: If 5 € Z,then Cos [mArcSi n[x]] equalsy 1 - x< timesa > degree polynomial in x<.

Rule:lfpz;leZ'/\ ?ez/\ “Z;lez,then

(@Sin[mArcSin[x]] +bCos[nArcSin[x]1]1)"

1
J(aSin[m(c+dx)]+bOos[n (c+dx)])Pdx — ESubst [J dx, X, Sin[c+dx]]

1-x2
= Program code:

Int[(a_.*sin[m.x(c_.+d _.xx_)]+b_.xcos[n_.*x(c_.+d . xx_)])"p_,x_Synbol ] : =
1/d % Subst [Int [Sinplify[Tri gExpand[a*Si n[mxArcSi n[x]]+bxCos[nxArcSin[x]11]1p/Sqrt [1-x"2],X], X, Sin[c+dxx]] /;
FreeQ[{a, b, c,d}, x] & & ILtQ[(p-1)/2,0] && | ntegerQ[nv2] && I nteger Q[ (n-1)/2]



Rules for integrands of the form (a trig1(m (c+d x))+b trig2(n (c+d x)))™p

3: J(aSin[m(c+dx)]+bOos[n (c+dx)])Pdx whenpez- A mez Anez

m Derivation: Integration by substitution

Basis: If me Z A n € Z, then

F[S n[m(c+dx)], Cos[n (c+dx)]] == %Subst [F[Sin[ZmAfCTan[X]],Oos[ZnArcTan[x]]]

1+x2

X, Tan[% (c+dx)]] axTan[% (c+dx)]

Note: If me z, then Si n[2 mAr cTan [x]] equalsx timesarational functionsin x2.

Note: If me z, then Cos [2 mAr cTan [x]] equalsarational functionsin x2.

Rulelfpez- A mez A n ez, then
(aSin[2mArcTan[x]] +b Cos[2n ArcTan[x]])P

2 1
j(aSin[m(c+dx)] +bCos[n (c+dx)])Pdx — ESubst U dx, x, Tan[g (c+dx)”

1+x2
= Program code:
Int [(a_.*sin[m.*(C_. +d_. #x_)]1+b_. xcos[n_. x(c_. +d_. *x_)])"p_, x_Synbol ] : =

2/d % Subst [Int [Sinplify[Tri gExpand[a*Si n[2xmxArcTan[x]]+b*Cos[2xnxArcTan[x]]111°p/ (1+x"2), x], X, Tan[1/2% (c+d*Xx)1] /;
FreeQ[{a, b, c,d}, x] && I LtQ[p, 0] && I ntegerQ[m] && | ntegerQ[n]



